Abstract. The object of the present paper is to study a semi-symmetric metric connection in an (ε)-Kenmotsu manifold. In this paper, we study a semi-symmetric metric connection in an (ε)-Kenmotsu manifold whose projective curvature tensor satisfies certain curvature conditions.
Introduction
The idea of a semi-symmetric linear connection on a differentiable manifold was first introduced by Friedmann and Schouten [11] in 1924. Hayden [12] introduced a semi-symmetric metric connection on a Riemannian manifold. Yano [21] proved the theorem: A Riemannian manifold admits a semi-symmetric metric connection whose curvature tensor vanishes if and only if Riemannian manifold is conformally flat. Semi-symmetric metric connections on a Riemannian manifold have been studied by Amur and Pujar [1] , Pravanovic [15] , Binh [4] , De ([6] , [7] ), De and Biswas [8] , Sharfuddin and Hussain [16] , Pathak and De [14] , Jun, De and Pathak [13] , Barman and De [2] , Chaubey and Ojha [5] , Singh and Pandey [17] , Singh, Pandey and Pandey ( [18] , [19] ) and many others.
Duggal and Sharma [10] studied a semi-symmetric metric connection in a semi-Riemannian manifold. They studied some properties of the Ricci tensor, affine conformal motions, geodesics and group manifolds with respect to the semi-symmetric metric connection. On the other hand, the study of manifolds with indefinite metrics is of interest from the standpoint of physics and relativity. Manifolds with indefinite metrics have been studied by several authors. In 1993, Bejancu and Duggal [3] introduced the concept of (ε)-Sasakian manifolds and Xufeng and Xiaoli [20] established that these manifolds are real hypersurfaces of indefinite Kahlerian manifolds. Recently De and Sarkar [9] introduced (ε)-Kenmotsu manifolds and studied conformally flat, Weyl semisymmetric, φ-recurrent (ε)-Kenmotsu manifolds.
In the present paper, we establish the relation between Levi-Civita connection and semi-symmetric metric connection in an (ε)-Kenmotsu manifold and obtained relation between curvature tensors of Levi-Civita connection and semi-symmetric metric connection. Also some curvature properties of projective curvature tensor with respect to semi-symmetric metric connection in an (ε)-Kenmotsu manifold have been studied.
Preliminaries
An n-dimensional smooth manifold (M n , g) is called an (ε)-almost contact metric manifold if
where ε is 1 or −1 according as ξ is space-like or time-like and rank φ is n − 1.
It is important to mention that in the above definition ξ is never a light-like vector field.
If
for every X, Y ∈ T M n , then we say that M n is an (ε)-contact metric manifold. Also, (2.7) φξ = 0, ηoφ = 0.
If an (ε)-contact metric manifold satisfies
where ∇ denotes the Riemannian connection of g, then M n is called an (ε)-Kenmotsu manifold [9] .
An (ε)-almost contact metric manifold is an (ε)-Kenmotsu manifold [9] if and only if (2.9)
In an (ε)-Kenmotsu manifold, the following relations hold [9] (2.10)
Definition 2.
1. An (ε)-Kenmotsu manifold M n is said to be η-Einstein if its Ricci tensor S is of the form
where a and b are scalar functions of ε.
In [9] , De and Sarkar have given an example of (ε)-Kenmotsu manifold.
Example 1. We consider the three dimensional manifold M 3 = {(x, y, z) ∈ R 3 , z = 0}, where (x, y, z ) are the standard coordinates in R 3 . The vector fields
are linearly independent at each point of the manifold. Let g be the Riemannian metric defined by g(e 1 , e 3 ) = g(e 2 , e 3 ) = g(e 2 , e 2 ) = 0, g(e 1 , e 1 ) = g(e 2 , e 2 ) = g(e 3 , e 3 ) = ε, where ε = ±1. Let η be the 1-form defined by η(Z) = εg(Z, e 3 ) for any Z ∈ T M n . Let φ be the (1, 1)-tensor field defined by φ(e 1 ) = −e 2 , φ(e 2 ) = e 1 , φ(e 3 ) = 0.
Then using the linearity of φ and g, we have
n . Let ∇ be the Levi-Civita connection with respect to metric g. Then, we have
which is known as Koszul's formula. Then Koszul's formula yields ∇ e1 e 3 = ε e 1 , ∇ e2 e 3 = ε e 2 , ∇ e3 e 3 = 0, ∇ e1 e 2 = 0, ∇ e2 e 2 = −ε e 3 , ∇ e3 e 2 = 0, ∇ e1 e 1 = −ε e 3 , ∇ e2 e 1 = 0, ∇ e3 e 1 = 0. These results shows that the manifold satisfies
for ξ = e 3 . Hence the manifold under consideration is an (ε)-Kenmotsu manifold of dimension three.
Semi-symmetric metric connections
A linear connection∇ in an almost contact metric manifold M n is said to be semi-symmetric connection [16] , if its torsion tensor
Further, a semi-symmetric connection is called a semi-symmetric metric connection [21] if
Let M n be an n-dimensional (ε)-Kenmotsu manifold and ∇ be the Levi-Civita connection on M n . The relation between the semi-symmetric metric connection ∇ and the Levi-Civita connection ∇ on (M n , g) is given by
LetR be the curvature tensor of semi-symmetric metric connection∇ given bȳ
which on using equation (3.4) takes the form
is the Riemannian curvature tensor of connection ∇. By virtue of equations (2.2), (2.4), (2.9) and (2.10), equation (3.6) reduces tō
which is the relation between curvature tensors of connection∇ and ∇. From equation (3.8), we have
where
whereS and S are the Ricci tensors of connection∇ and ∇, respectively in M n . Contracting the above equation, we get
wherer and r are the scalar curvatures of the connection∇ and ∇, respectively. Writing two more equations by the cyclic permutations of X, Y and Z, we getR
Adding equations (3.8), (3.12) and (3.13) and using the Bianchi's first identity, we get
Thus, we can state as follows:
n with semi-symmetric metric connection satisfies the equation (3.14).
Now interchanging X and Y in the equation (3.9), we get
Adding equations (3.9) and (3.15) with the fact that
Again interchanging Z and U in the equation (3.9), we get
Now adding equations (3.9) and (3.17) with the fact that
Again interchanging pair of slots in the equation (3.9), we get 
Taking the inner product of the above equation with ξ, we get
which by virtue of equation (2.4) gives
The above equation can be written as
Thus, we can state as follows: 
Quasi-projectively flat (ε)-Kenmotsu manifold with respect to semi-symmetric metric connection
The projective curvature tensor is an important tensor from the differential geometric point of view. Let M n be an n-dimensional Riemannian manifold. If there exists a one to one correspondence between each coordinate neighbourhood of M n and a domain in Euclidian space such that any geodesic of the Riemannian manifold corresponds to a straight line in the Euclidean space, then M n is said to be locally projectively flat [2] . The projective curvature tensorP with respect to semi-symmetric metric connection is defined by
Definition 4.1. An (ε)-Kenmotsu manifold M n is said to be quasi-projectively flat with respect to semi-symmetric metric connection, if
whereP is the projective curvature tensor with respect to semi-symmetric metric connection.
In view of the equation (4.1), we have
Putting X = φX and W = φW in the above equation, we get
Now assume that M n is quasi-projectively flat with respect to semi-symmetric metric connection. Then by virtue of equations (4.2) and (4.4), we have
Using equations (3.8) and (3.10) in the above equations, we get
Let {e 1 , e 2 , . . . , e n−1 , ξ} be a local orthonormal basis of vector fields in M n . Then {φe 1 , φe 2 , . . . , φe n−1 , ξ} is also a local orthonormal basis of M n . Putting X = W = e i in the equation (4.6) and taking summation over i, 1 ≤ i ≤ n − 1, we get
Also,
g(φe i , φe i ) = n − 1, and (4.11)
Hence, by virtue of equations (4.8), (4.9), (4.10) and (4.11) the equation (4.7) takes the form
, where a = (n − 2)ε − 1 and b = (−1 − ε) (n − 1). This shows that M n is an η-Einstein manifold. Thus, we can state as follows. 
Using the equation (5.3) in the equation (5.2), we obtain g(R(φX, φY )φZ, φW ) = 1 (n − 1)
[S(φY, φZ)g(φX, φW ) (5.4) −S(φX, φZ)g(φY, φW )], which on using equations (3.8) and (3.10) gives g(R(φX, φY )φZ, φW ) (5.5)
Let {e 1 , e 2 , . . . , e n−1 , ξ} be a local orthonormal basis of vector fields in M n . We Use the fact that {φe 1 , φe 2 , . . . , φe n−1 , ξ} is also orthonormal basis. Putting X = W = e i in equation (5.5) and summing over i, we get
which by virtue of equations (4.8), (4.9), (4.10) and (4.11) takes the form
Using equations (2.5) and (2.16) in the above equations, we get
which is of the form
where a = (n − 2)ε − 1 and b = (2 − n)(1 + ε). This shows that M n is an η-Einstein manifold.
Thus, we can state as follows. where a = n − ε + 2 and b = (1 + ε)(2 − n). This shows that M n is an η-Einstein manifold. Thus, we can state as follows.
Theorem 6.1. An (ε)-Kenmotsu manifold M n with a semi-symmetric metric connection satisfyingP .S = 0, is an η-Einstein manifold.
